The paraxial model of propagation is an approximation to the model described 
I. INTRODUCTION
The paraxial model of propagation is widely used not only to describe beam propagation [1] , but also diffraction problems under the Fresnel approximation [2, 3] . Gaussian beams and their modes are its best known solutions and the Fresnel diffraction formula has been applied to obtain near field diffraction patterns. The success of paraxial propagation shows that it is a fine approximation since its is used use several disciplines, more or less near physics, such as material processing [4] , spectroscopy [5] and medicine [6] to cite a few. Nevertheless, up to our knowledge, the energy flow and momentum have never been treated within this approximation. As far as the paraxial approximation holds, the use of the formulae obtained from the full propagation framework could be a fair procedure for energy and momentum description. Nonetheless, since the solutions do not fulfill this scheme, the conservation of these quantities is not obtained. The classical procedure to study the conservation of these quantities under the d'Alembert propagation scheme is to perform a reconstruction method on the paraxial solution, that is, to obtain a solution of the d'Alembert equation from a paraxial solution. But there is not a unique method to obtain a d'Alembert solution from a paraxial one [7, 8] . Therefore, it is worth developing, if possible, the energy and momentum properties associated to the paraxial operator. The derived formulae should be used when dealing with solutions of the paraxial wave equation. Previous related work has focused on the modification of Maxwell's equations to obtain an electromagnetic description of paraxial solutions [9, 10] where the paraxial version of the Poynting vector is obtained. Although there is published material regarding energy invariants in paraxial solutions [11] , we have not found the treatment of momentum under paraxial regime neither in the scalar nor in the vectorial frameworks.
The organization of the article is as follows. First, we present the partial differential equation to be studied. Then we study a Lagrangian associated to this equation where the expressions of energy flow and momentum are obtained as well as their respective conservation equations. Based on these expressions, we also propose a method for evaluating the quality of a paraxial solution at every point in the space. Some fundamental solutions of the paraxial wave equation are considered in this article as examples: paraxial plane waves and paraxial Green's function are the classical constituents of any other solution in terms of plane wave spectrum and convolution integrals respectively. We also deal with the most popular paraxial solution, the Gaussian beam. The developed framework allows us to gain a better understanding of the paraxial model of propagation.
II. PARAXIAL PROPAGATION
To account not only for monochromatic waves, we use as generalized motion equation a time dependent scheme that under time harmonic regime turns into the classical paraxial wave equation. Thus, we deal with a wave and not with the, by far, more usual complex envelope. The paraxial differential equation is usually obtained by means of the application of the slowly varying envelope approximation to a time harmonic solution. This leads to the parabolic equation for the complex envelope Ψ
In this equation the axial direction is +z, the time harmonic dependence is e −iωt , the symbol ⊥ denotes operation in the transverse plane to z and k = ω c is the wavenumber. Note that, the complex envelope is
and thus, the equation that must be fulfilled by the phasorψ is
Since, in free space, the wavenumber is proportional to the angular frequency and the angular frequency can be identified as a partial derivative of the solution ψ with respect to t; Eq.
(3) comes from the generalized motion equation,
where the axial direction is +z . The solutions with time harmonic dependence will be analyzed later. Although this equation has been obtained from a particular choice of time harmonic dependence, it does not depend on this choice. Conversely, the partial differential equations for the phasor and the complex envelope does depend on the particular choice of the time harmonic dependence. Note that there are solutions of the full wave equation
that are also solutions of this equation, for instance, the forward propagating d'Alembert solution:
This solution is not of our interest since they have been widely studied within the framework of transmission lines. The most important point is that such a solution represents a wave that propagates along the positive z axis and the energy density flow at any point is well defined at any time as well as the momentum density. Furthermore, since Eq. (5) 
The eigenvalues λ n of A are
for any c ∈ R. Therefore, Eq. (4) is a hyperbolic partial differential equation as expected.
The main goal of this paper is to establish the general energy and momentum balance for any solution of Eq. (4) and, consequently for Eq. (3) also. For that, we study the Lagrangian associated to Eq. (4).
III. ANALYSIS OF THE LAGRANGIAN DENSITY OF THE PARAXIAL EQUATION
The Lagrangian density associated to Eq. (4) can be written by simple inspection of the differential equation,
In fact, we can recover Eq. (4) by applying Euler-Lagrange equation
where ∇ 4 = e t ∂ t + ∇ in terms of the generalized coordinates. Let us calculate the terms:
and the left hand side of Eq. (9) produces
By requiring the necessary conditions of regularity on ψ, ∂ zt ψ = ∂ tz ψ,
From Eq. (8), it follows that
and the expression in Eq. (4) is recovered. Since the Lagrangian does not depend on the coordinates explicitly, the hypothesis of Noether's theorem are fulfilled. Thus, there are four primary conserved quantities. One of them is the energy and the other three ones are momentum. The conservation of the energy is found in the "time" row (usually the first row) of the stress-energy tensor. This row is the four-component vector
The energy density U is identified as the t-component of T t ,
The rest of the components of T t forms the energy density flow S,
Thus, the energy density flow is calculated as
Upon Noether's theorem
The rest of the stress-energy tensor allows us to define the conservation of momentum. The momentum density is
The momentum density flow is a three tensor
with columns
Noether's theorem states that
where ∇ is a row vector in this last equation.
Momentum analysis can be taken further than the coverage given in this document.
Other relevant analysis, such as angular momentum, derive directly from ours since angular momentum density is derived from the momentum density by its definition.
One of the most useful calculation could be the z component of the angular momentum [12] . In this case, the angular momentum density with regard to the z axis in cylindrical coordinates is,
This quantity is conserved by means of the angular momentum density flow M φ , whose expression is
The conservation equation of the angular momentum around the z axis is
We give the previous equation to help further studies with regard to orbital angular momentum of light beams.
By comparing Eqs. (19) and (17) 
IV. TIME HARMONIC SOLUTIONS
We let ψ have a time harmonic dependence. Hence,
whereψ(r) is a solution of (3). To recover the practical solution of (4) one has to extract, for example, the real part of (31),
where the asterisk superscript denotes the complex conjugate. This form of expressing the paraxial solution leads to a straightforward calculation of time average energy and flow densities. As usual, time average value of a given time harmonic function A(t) is obtained by doing the integral
where T = 2π ω . Let us start from energy density flow calculation. First we find that
The expressions of the partial derivatives with regard to the spatial coordinates are also needed:
Thus, energy density flow for time harmonic solutions is
The last expression is adequate for calculating time average density flow
The same procedure is performed with respect to the energy density U . The quantities involved in the calculation have been already obtained, and therefore
Time average energy density for time harmonic solutions is obtained from this last expression as,
The formalism followed gives rise to the definition of a complex flow density forψ
It follows from its definition that
The imaginary part of S c will lead to the reactive energy balance associated to the solution ψ.
Momentum density can also be calculated for time harmonic solutions explicitly. The procedure is quite similar to the one carried out to obtain S and yields
From this last equation, the average momentum density is
Since energy density flow and momentum density do not follow a simple proportionality relation in the paraxial approximation scheme, one issue about using raytracing techniques may arise within this framework. In the full wave propagation scheme, it can be shown how, 
in the aforementioned equations, gives the dependence of the average energy density flow and momentum density in terms of amplitudes and phase ofψ. For the average energy density flow, we obtain
The average momentum density in terms of amplitude and phase is
These last equations show that neither S nor p are proportional, in general, to ∇φ. Since we usually have the solutionψ in this framework, characteristics of S and p cannot be inferred by studying ∇φ. The energy density flow depends on ∇ ⊥ φ instead of ∇φ. The momentum density does depend on ∇φ but there is another term that contributes with ∇A.
Thus, if the following condition is met, 
Also, the momentum density can be obtained
These expressions are also obtained if Eqs. (A3) and (A8) are used instead. Note that, since the solution in (5) is also a solution to Eq. (A1) the procedure explained can be done as well. It follows that the energy and momentum balance obtained in both cases is exactly the same, as it should be.
B. Paraxial plane waves
Under the time dependence e −iωt , the phasor associated to a plane wave is
where
Phase fronts are planes normal to the direction of k. The zenith angle of k (angle with the +z axis) is
and the azimuthal angle is β. The complex energy density flow is a constant vector for such
as happens with propagative usual plane waves. For real parameters q and β, the vector is a real one and there is not reactive energy density. The average momentum density can also be computed:
For this kind of solutions with constant amplitude, the average momentum density is parallel 
As a consequence, the phase velocity
for paraxial plane waves. Besides, except for q = 0 constant phase curves are not orthogonal to energy density flow as was previously predicted. Momentum density can be written in terms of energy density flow as,
where D is obtained as
Note that as q increases, the vector D gets larger, showing that the idea of measuring the quality of the paraxial solution based on this vector is a fair procedure. The case q = 0 is a special case of the example in Subsection V A.
C. Green's function of the time harmonic paraxial wave equation
Green's function associated to the operator in Eq. (3) is
The complex energy density flow can be obtained by using Eq. (40),
There is not reactive energy in this solution since the complex energy density flow is a real quantity. As shown in Eq. (62b), field lines of S c are radial. In the semispaces of z < 0, the energy goes towards the origin, where it concentrates and then, the energy is radiated towards the z > 0 semispace. Formally, this statement can be shown by means of the divergence. It is easy to see that, in general,
From the viewpoint of the energy, this last equation shows that there is not energy storage, only energy flow. The origin in such solutions must be treated by means of the definition of the divergence. Let B R (0) be a ball with center at the origin and radius R. Then
Using spherical coordinates,
By operating in this last equation, it is found that,
The integral in this last equation is equal to zero and thus,
showing that Eq. (63) holds for every point in the space. This solution is a very special one because, from the viewpoint of the energy, it lacks any source even though it was generated by an impulse function. Therefore, by means of the convolution integral, any radiation problem in time harmonic regime is automatically transformed into a propagation problem without sources. It follows, that this feature is also naturally inherited by solutions of general time dependence.
The average momentum density of Green's function can be obtained as
Note that, it is easy to write p in terms of S c plus another term that accounts for the difference between them,
Therefore, the proposed vectorial quantity defined in Eq. (29) is
This last equation shows that momentum density and energy density flow are not antiparallel in general. In high frequency conditions (k 1), D can be neglected with regard to S c in the regions where |z| ρ, that is, points near the axial direction. This is a well known result since the paraxial Green's function can be obtained by the appropriate approximations of the distance in the Helmholtz Green's function. Again, this result shows that the comparison between momentum density and energy density flow gives a fair procedure to obtain a measure of the quality of a paraxial solution. Last equations are rather cumbersome to establish further analytical differences between momentum density and energy density flow.
Nonetheless, since we know that energy density flow of Green's function is radial, these differences can be seen graphically. In Fig. 1 the previous example, we found that phase velocities below the propagation speed in the medium were natural in this scheme of propagation. The phase velocity is a field that can be defined as
In this case,
and therefore, we obtain
By comparing this last expression to Eq. (68), it can be seen that under high frequency conditions v p is antiparallel to p as was predicted by Eq. (47). This feature can also be seen in Fig.2 .
The comparison of the field lines in Figs. 1 and 2 not only shows that, under high frequency condition, momentum density and phase velocity are antiparallel, but also where weak dependence of the amplitude function A(r) requirement holds in this example. Note that phase velocity in the paraxial Green's function also fulfills 
D. Fundamental Gaussian beam
The phasor associated to the fundamental paraxial Gaussian beam can be written in terms of the Rayleigh distance b as follows
Thus, the complex energy density flow is found by applying Eq. (40) as
This solution, unlike the previous examples, has reactive energy density flow,
From Eq. (76), the average energy density flow is A sketch of the average energy density flow can be seen in Fig. 3 The average momentum density can be calculated as well, yielding
which is a rather cumbersome expression. An example of momentum density of this solution can be seen in Fig. 4 . The resemblance with energy density flow is rather high in contrast to what happened in the previous example. In any case, as in the previous example, we can extract the average energy density flow dependence in the momentum density, yielding the vector D that measures the quality of the solution at each point, is noteworthy that points near the origin in Fig. 5 are not within the lighter ones in this example where the high frequency condition is not fulfilled. If the high frequency condition is met, all the points "near" ρ = 0 in the z = 0 plane will raise their quality. Clearly, only a centered disk at the origin in the z = 0 plane can be considered as a good approximation for propagation purposes but not the entire plane.
The study of the phase velocity is worth it in this example also. By taking the definition in Eq. (71), the gradient of the phase of the Gaussian beam in Eq. (75) is needed to obtain the field of phase velocity. Thus, in this example, 
VI. CONCLUSIONS
The application of the slowly varying envelope approximation to the d'Alembert equation results in another hyperbolic problem that still holds invariant quantities in terms of energy and momentum. It has been shown that these quantities do not follow the expressions of their counterparts in the full wave propagation scheme. The comparison of these invariants with the expected behavior in terms of the full propagation framework allows us to obtain quality parameters of paraxial solutions. We have built a vector one that takes into account the momentum density and energy density flow. Although the quality is measured locally, a global parameter could be obtained by integration. Nonetheless, our local measure of quality shows that the high-frequency condition turns out to be relevant. We have gained new insights with regard to the behavior of paraxial solutions: rays (defined by phase fronts) are parallel neither to energy flow nor to momentum. Phase velocity can be either higher or lower than the propagation speed in the medium. Phase velocity above the propagation speed in the medium is associated with the presence of reactive energy, as happens in the d'Alembert equation, while phase velocity below the propagation speed seems to be "natural" in paraxial propagation. Therefore, general phase matching when reconstructing a solution form a paraxial one is a delicate procedure. The study of paraxial Green's function in time harmonic regime showed that any problem with sources turns into a simple propagation problem.
Altogether, the paraxial propagation framework proposes a sourceless framework where the medium seems to be more dispersive than in the full propagation scheme. The study of the 
can be found,
Thus, the energy density flow is
The phasor associated to a time harmonic solution of the d'Alembert equation must fulfill the well-known Helmholtz equation
In this case,the energy density flow depends only on the phasors as 
